The main purpose of the note is to exclude the existence of certain submaximal curves in fake projective planes. This will lead to lower bounds on multipoint Seshadri constants of 'fake' O(1) on fake projective planes.
Introduction
In the note, we study the existence of certain submaximal curves in the context of the Seshadri constants for ample line bundles on fake projective planes. Let us recall that by a fake projective plane we understand a smooth complex projective surface of general type having the same Betti numbers as the complex projective plane. The existence of such fake projective planes was proved by Mumford [8] , and now we know that there are exactly 50 pairs of fake projective planes, [3] . We would like to focus on the case of multipoint Seshadri constants for fake projective planes. In the case of the single point Seshadri constants, L. Di Cerbo [4] proved that these constants coincide with the single point Seshadri constants of the complex projective plane. The key advantage of this results is that it provides (probably) the first sharp result on single point Seshadri constants for surfaces of general type. Here we want to follow this path and look at the multipoint Seshadri constants for ample line bundles on fake projective planes. Before we present our main result, let us recall some basic facts. Definition 1.1. Let X be a complex smooth projective surface and L an ample line bundle. For a point x ∈ X the Seshadri constant of L at x is defined as
where the infimum is taken over all irreducible and reduced curves C passing through x ∈ X.
Definition 1.2. Let X be a complex smooth projective surface and L an ample line bundle at r points x 1 , ..., x r , then the multipoint Seshadri constant of L is defined as
where the infimum is taken over all irreducible and reduced curves such that C ∩ {x 1 , ..., x r } = ∅. If the points x 1 , ..., x r are very general, then we use the abbreviation ε(X, L; r).
Let X be a fake projective plane, i.e., a surface with b 1 (X) = 0, b 2 (X) = 1 and X is not isomorphic to P 2 = P 2 C . Then its canonical bundle is ample and X is of general type. So a fake projective plane is nothing but a surface of general type with p g = 0 and c 2 1 (X) = 3c 2 (X) = 9. Furthermore, its fundamental group π 1 (X) is infinite. Moreover, X has Picard number 1, and we can find an ample generator L 1 (which turns out to be not uniquely determined) such that L 2 1 = 1. There are not so many results on multipoint Seshadri constants for surfaces of general type and ample line bundles (in some places the assumption on the ampleness is weakened to big and nef line bundles). In [14] , T. Szemberg showed that if X is a smooth complex projective surface of Picard number 1 and L is the ample generator of the Néron-Severi group of X, then ε(X, L; r) ≥ L 2 r .
In the same context, one can show that if X is a smooth complex projective surface of Picard number 1, L is the ample generator of the Néron-Severi group, and the number of points r = k 2 for some k ∈ Z ≥1 , then ε(X, L; r) = √ L 2 k , so in the present paper we are going to focus on the non-trivial case when r = k 2 for some k.
As it was observed by J. Roé [10] , there is an interesting link between multi-and single point Seshadri constants, so let us phrase [10, Theorem 3] in the setting of our paper and adequate for the scope of our work. If X is a fake projective plane, p ∈ X any point, and r ≥ 1, then one has
By a result due to L. Di Cerbo [4] we know that ε(X, L 1 ; p) = 1, so we obtain the following inequality
The main result of the paper, Theorem 3.1, gives us bounds for Seshadri constants on fake projective planes. It tells us, for instance, that for r ∈ {2, 3, 5, 6, 7} we have strict inequality above. This stands to the opposite to the case of single point Seshadri constants where ε(X, kL 1 ; p) = ε(P 2 , O P 2 (k); p ′ ). Our strategy to show the strict inequality is based on the fact that we are able to exclude the existence of certain submaximal curves, i.e., those irreducible and reduced curves in fake projective planes breaking the so-called Nagata bound. We explain in detail these notions in the next section.
The main reason for our studies on multipoint Seshadri constants for fake projective planes is the Nagata-Biran-Szemberg Conjecture, see [2] . It claims that the multipoint Seshadri constant of an ample line bundle L at a very general set of points is maximal when r ≥ k 2 0 L 2 , where k 0 is the smallest integer such that the linear system |k 0 L| contains a smooth nonrational curve. In the case of fake projective planes we know that there are no rational and elliptic curves on them, which means that multipoint Seshadri constants in this case must be maximal unconditionally.
Preliminaries
Let x 1 , . . . , x r be (very) general points in a surface X (which is always smooth, projective and complex). Let us recall that by Oguiso's result, see [9] , the maximum of the multipoint Seshadri constants is achieved for a generic set of r points. That is why we use the abbreviation ε(X, L; r) for the r-point Seshadri constant with r points in very general position. Let C be a curve on X and denote m i = mult x i C. We recall some fundamental results about curves by G. Xu [15, Lemma 1] and M. Roth [11] .
Lemma 2.1 (Xu) . Let X be a smooth complex projective surface and C U = {(C u , x u )|u ∈ U } be a non-trivial family of pointed irreducible and reduced curves in X such that mult xu C u ≥ m for some integer m ≥ 2, then
In our consideration, we will use the result of A. Knutsen, T. Szemberg, W. Syzdek and also by F. Bastianelli, see [7] and [1] , extending the result of Xu, saying that for a smooth projective surface S and a smooth variety U , and a nontrivial family {(C u , x u )} u∈U where x u is a very general point of S and C u is a curve satisfying the condition mult xu C u ≥ m for every u ∈ U and for some integer m ≥ 2, we have for a general curve C of this family
where C denotes the normalization of C. As mentioned above, on fake projective planes there are no rational or elliptic curves, so gon( C) ≥ 2, and we will use the inequality
To state next useful results we need the following definition. In that case a curve C ⊂ X which computes the ratio
We have the following important results for submaximal curves which are proven by M. Roth [11] (manuscript soon on arXiv). 
where D is the proper transform of C under the blowing up of X at {x 1 , ..., x r }. c) If one of the multiplicities is equal to zero, then others non-zero multiplicities are equal to 1 and C 2 = −1. d) If none of the multiplicities is zero and (r, m r ) = (1, 1), then r i=1 m i = ⌈ √ rC 2 ⌉. e) In the case when all multiplicities are non-zero and additionally equal, say to m ≥ 1, then
f) If none of the multiplicities are zero and one of the multiplicities is different from the others, then Now we focus on fake projective planes.
Remark 2.7. For a fake projective plane X, we have P ic(X) ≃ H 2 (X; Z). Moreover, the torsion part of H 2 (X; Z) is equal to H 1 (X; Z) which is never vanishing.
Remark 2.8. For a fake projective plane X, we denote by L 1 any ample generator of P ic(X) modulo torsion. Let us emphasize that L 1 is not uniquely determined.
Here we are going to find lower bounds on the multipoint Seshadri constant for fake projective planes and a specially chosen line bundle, namely L 1 . Let us recall that L 1 , being ample, has L 2 1 = 1, but it is an open problem to determine whether in general one has h 0 (X, L 1 ) > 0. Here we are not going to approach this question, but it seems to be very interesting to check whether L 1 might be effective due to important implications -please consult [5, Remark 3.9 ].
Main Result
The bound on the Seshadri constants in r general points on fake projective plane is given by the following theorem. Before we present our proof of the Theorem, let us make a few remarks. 3) Analysing the proof of our theorem, the reader may notice that changing the range of r to improve the bound, e.g. for 23 ≤ r we have ε(FPP, L 1 ; r) ≥ 1 √ r + 0.010 , so having r big enough (and a strong enough computer) it may be possible to find really good bounds for ε(FPP, L 1 ; r).
Remark 3.3. Here we would like to compare multipoint Seshadri constants for fake projective planes and the projective plane. Now we present the proof of Theorem 3.1.
Proof. The idea of the proof goes as follows. Suppose we have a submaximal curve passing in fake projective plane X through r points with multiplicities m (in r − 1 points) and M (in one point) -it is also possible that M = m. Using Theorem 2.4 we check that the inequality k (r−1)m+M ≥ 1 √ r+δ(r) is satisfied for k big enough. The remaining cases (small k) are excluded with the help of the Xu-type statement (1) .
Let us now go into details. Suppose there exists a submaximal curve C ∈ |kL 1 | passing through general points x 1 . . . x r with multiplicities m (in r − 1 points) and M (in one point). Using M. Roth's result, i.e., Theorem 2.4 we have that every submaximal curve must satisfy
In both cases we have
Next, we check when
This may be checked of course only for the smallest considered δ, so we need to check when
The inequality is satisfied for k ≥ 50, so this means that all submaximal curves violating the bound 1 √ r+δ(r) , if they exist, must be in |kL 1 | with k ≤ 49.
Firstly, observe that a submaximal curve must have at least one multiplicity greater than 1. Indeed, if all points have multiplicity one, the conditions imposed by them are independent, thus computing h 0 (kL 1 ) and imposing r conditions we get that k ≥ 3 + √ 1 + 8r 2 whereas the submaximality gives k r < 1 √ r , a contradiction. Thus, at least one multiplicity of a submaximal C is greater or equal 2. So, from Inequality (1), every submaximal curve C must satisfy one of the following inequalities: We only have to check that if r ≥ 2 and k ≤ 49 there are no positive integer solutions (for a given k, m, M , and r) for the systems of inequalities given below. If m = M , then
If M < m, then
.
In the case when m < M :
Finally, when one multiplicity is 1 and the others are greater than 1:
r + δ(r) and when all but one multiplicities are 1:
This may be done by hand, or, preferably with help of a computer program, e.g. MATHEMATICA.
Remark 3.4. In order to get a better bound on ε(X, L 1 ; 2), namely ε(X, L 1 ; 2) > 0.7 we would have to exclude, for example, the existence of C ∈ |7L 1 | having exactly two singular points of multiplicity m = 5, what seems to be not obvious.
